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Interaction-induced current asymmetries in resonant transport through interacting quantum-dot
spin valves revealed by iterative summation of path integrals
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Resonant tunneling of electrons between two ferromagnets and a quantum dot in the presence of an externally
applied magnetic field reveals a strong gate dependence in the linear and nonlinear bias regime. This gate
dependence originates from the interplay between Coulomb interactions and spin-dependent hybridization
between the quantum dot and the leads. To take into account Coulomb interaction strengths of the same order of
magnitude as the external magnetic field and the hybridization strength we adopt the numerically exact iterative
summation of path integrals.
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I. INTRODUCTION

The field of spintronics is under vivid research, where
the sphere of interest has broadened to the search for new
materials, new concepts for spintronic devices, as well as
new functionalities. One of the most fundamental devices
of spintronics is the spin valve, which found application,
e.g., in magnetic sensors, as well as in magnetic random
access memory devices. Spin valves are, e.g., realized in
layered heterostructures, which show a strong tunnel magne-
toresistance (TMR) effect [1,2]. These devices have strongly
profited from the discovery of suitable two-dimensional (2D)
magnetic materials in recent years [3–5]. Spin valves can also
be realized in quantum-dot devices. These systems allow for
a detailed control over single spins. As a result, the impact
of spin dynamics on quantum transport properties of such
devices and also the manipulation of spins in these systems
is of great interest.

On an experimental level, several effects of quantum-dot
spin valve systems have been under investigation. It is possi-
ble to control transport of single spins, and therefore the TMR,
via a gate voltage. This has been shown for an InAs quantum
dot coupled to Ni electrodes [6] as well as for a carbon-
nanotube quantum-dot setup [7]. Measurements of the Kondo
effect have been reported for both an InAs and as well as a
carbon-nanotube quantum-dot setup. In these measurements it
was reported that one observes a splitting of the Kondo peak,
caused by the exchange field effect that originates from the
coupling to the ferromagnetic leads. It was demonstrated that
applying an external magnetic field is able to compensate the
exchange field in these experiments, thus effectively enabling
a measurement of the lead-induced exchange field [8–10].
Again, for a setup including a carbon nanotube as quantum dot
the precession of an on-site spin can be harnessed and tuned
via a gate voltage [11], and the magnetoresistance shows a
strong hysteretic behavior for temperatures lower than 30 K
[12].

From a theoretical point of view, the interplay between
finite Coulomb interaction, nonequilibrium dynamics and

spin-dependent resonant tunneling is challenging. The combi-
nation of Coulomb interactions and spin-dependent tunneling
gives rise to an exchange field. It yields an interaction-induced
spin precession, which, up to first order in the tunnel coupling,
depends sensitively on all system parameters including bias
voltage and temperature [13]. Based on different approxi-
mation strategies, there exist several sophisticated methods
which are appropriate to tackle the interacting, spin-dependent
problem in a nonequilibrium situation. By treating electron-
electron interactions in a quantum-dot spin valve in non-
collinear setup via the Hartree-Fock approximation, the TMR
and the accumulated spin were examined, allowing the visu-
alization of the spin precession caused by the exchange field
[14]. Using a hierarchical quantum master equation approach
in the high-temperature limit, it was discussed that exchange
interactions quenching a strong current suppression cause sev-
eral peaks in the conductance [15]. Within a weak-tunneling
approximation in a wide range of bias and gate voltages,
characteristics of the exchange field for a quantum-dot spin
valve have been discussed [13,16]. Also a multilevel island
coupled to ferromagnetic leads [17,18] has been treated on
the same footing. It has been shown that the exchange field
could be probed via a third, superconducting lead [19] as
well as via a spin resonance, that appears when the exchange
field is perpendicular to one of the leads polarizations [20].
The coherent dynamics of a quantum-dot spin valve have
been shown to be distillable from full counting statistics [21].
Recently, tuning gate voltages on a quantum dot spin valve
has been suggested to switch magnetizations of the attached
leads [22].

A strong influence of resonant tunneling on the TMR [23]
shows that it is essential to include all orders of the tunneling
for a complete picture of the electronic transport through small
quantum-dot spin valves. For the regime of linear response,
numerical renormalization group approaches work well, re-
vealing the temperature dependence of the TMR [24] as well
as allowing a discussion of the Kondo problem, including
the influence of the ferromagnets’ band structure [25,26]. In
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addition, the Kondo problem for a quantum-dot spin valve
was also tackled via an equations-of-motion method [28]
as well as via a poor man’s scaling approach together with
slave-boson mean field theory [29]. Using a density matrix
renormalization group approach, the local density of states
as well as the TMR have been calculated [27]. For the sake
of completeness, we note that quantum-dot systems attached
to normal metal leads are also studied by means of quantum
Monte Carlo simulations [30], allowing, e.g., the study of the
time-dependent current through these systems as well as the
Green’s functions and occupation numbers [31]. The short-to-
intermediate time limit for, e.g., the tunneling current could
also be obtained by means of a generalized iterative influence
functional [32].

In this work, we investigate the spin dynamics in resonant
transport through a quantum-dot spin valve. We focus on the
interplay between Coulomb interaction, a noncollinear setup
of the leads’ magnetizations and a local Zeeman field acting
on the quantum dot in arbitrary direction. We find a strong
asymmetry in the current as a function of the gate voltage.
This effect is attributed to the noncollinearity of the setup,
the Zeeman field as well as the Coulomb interaction, which
gives rise to an exchange field. Numerically exact iterative
path integral summations (ISPI) are carried out, where the
scheme is adopted for the spin-dependent case here. As a
further development of our method, local observables such as
the mean occupation of the dot and spin expectation values
are calculated within the scheme. The technique is formulated
on the Keldysh contour and builds upon systematic truncation
of lead induced correlations. It has already been used to
describe the current through the Anderson model [33,34].
Current and TMR for transport through a quantum-dot spin
valve in collinear setup were also discussed in an earlier work
in Ref. [23]. The ISPI method is not limited to scenarios
with a clear separation of energy scales. It rather excels in
the study of the stationary limit for the generic case where
all energy scales are of the same order of magnitude. In this
regime, resonant tunneling leads to a finite peak broadening,
that cannot be resolved by means of a master equation ap-
proach. In addition, accounting for Coulomb interactions is
crucial for a quantitative discussion of electronic transport
through the setup. This regime is experimentally relevant,
especially for setups including larger quantum dots with small
to intermediate Coulomb interaction strengths [11]. The peak
broadening as well as interaction-induced effects are both well
resolved within the ISPI scheme. This technique is therefore a
useful tool, providing numerically exact data when discussing
interacting quantum-dot spin valves in the mixed valence
regime.

Our article is structured as follows. In Sec. II we intro-
duce the Hamiltonian of our system. In Sec. III, we outline
how to obtain expectation values for spin and occupation
number of the quantum dot by calculating the coherent state
path-integral on the Keldysh contour in the presence of
suitable source terms. Our results are presented in Sec. IV,
outlining the convergence procedure in order to obtain nu-
merically exact results. A benchmark for the noninteracting
system is presented in Sec. IV A. We present interaction-
induced current asymmetries in Sec. IV B. To complete
the picture, we study the dependence of the electronic
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FIG. 1. A single-level quantum dot coupled to ferromagnetic
leads α = L, R with magnetization axes n̂α . The polarization strength
pα induces spin dependent (τ = ±) hybridizations �ατ = 2πρατ t2

α .
The Coulomb interaction is denoted U and the single particle energy
is ε0. A bias voltage eV = μL − μR drops across the quantum dot.
In the presence of an additional Zeeman field, the spin degeneracy is
lifted (sketched by dashed lines).

transport on the angle between the leads’ magnetizations in
Sec. IV C.

II. MODEL

We study an interacting quantum-dot spin valve, which
comprises a quantum dot coupled to two ferromagnetic leads,
see Fig. 1 for a sketch of the system. Throughout this work
we set h̄ = 1. The system is described by a Hamiltonian
consisting of three parts

H = Hdot + Hleads + HT. (1)

Electrons in the ferromagnetic leads α = L/R = ±1 are de-
scribed as a free electron gas

Hleads =
∑
αkτ

c†
αkτ (εkτ − μα )cαkτ , (2)

where εkτ is the single-electron energy for spin projection
τ = ±, and μα is the chemical potential. Since we choose the
quantization axes of each lead along its respective magnetiza-
tion n̂α , the spin index τ describes majority (+) and minority
(−) spins. Assuming the density of states ρατ = ∑

k δ(ω −
(εkτ − μα )) constant and spin dependent, the asymmetry be-
tween majority and minority spins is characterized by the
polarization pα = ρα+−ρα−

ρα++ρα−
. Possible values are 0 � pα � 1,

where pα = 0 describes a nonmagnetic electrode and pα =
1 a half-metallic one. As a common coordinate system for
dot and leads we choose êx = n̂R+n̂L

|n̂R+n̂L | , êy = n̂R−n̂L
|n̂R−n̂L | and êz =

êx × êy. As a consequence, both n̂α belong to the xy plane and
enclose the angle θ .

For the quantum dot we assume a single, spin-degenerate
orbital of energy E0. Electrons on the dot are subject to a
local magnetic field B (in units of gμB) and the Coulomb
interaction U , if the orbital is doubly occupied. Hence, the
dot Hamiltonian takes the form

Hdot =
∑
σσ ′

d†
σ [E0δσσ ′ + (B · S)σσ ′]dσ ′ + Ud†

↑d†
↓d↓d↑, (3)
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where S = 1
2σ, while σ = (σx, σy, σz ) is the vector of Pauli

matrices. The quantization axis of the dot is chosen along
the z axis of the coordinate system defined before. Thus the
spin index of the dot σ = ↑,↓ denotes the spin projection
along the z axis. For later convenience we make use of the op-
erator identity 2d†

↑d†
↓d↓d↑ = d†

↑d↑ + d†
↓d↓ − (d†

↑d↑ − d†
↓d↓)2

and absorb the quadratic parts into the free Hamiltonian,
leading to

Hdot =
∑
σσ ′

[
d†

σ [ε0δσσ ′ + (B · S)σσ ′]dσ ′

− U

2
(d†

σ (σz )σσ ′dσ ′ )2

]
, (4)

with ε0 = E0 + U/2 being tunable via a gate voltage.
Coupling the leads to the quantum dot is achieved via the

tunneling Hamiltonian

HT =
∑
αkτσ

c†
αkτYα,τσ dσ + H.c., (5)

where we exploited the explicit SU (2) rotation to the common
underlying coordinate system for the symmetric setup. Matrix
elements Yα,τσ reflect spin-dependent tunneling and are the
elements of the matrix, see Ref. [35],

Yα = tαe
iπ
4 σy eα iθ

4 σz = tα√
2

(
eiαθ/4 e−iαθ/4

−eiαθ/4 e−iαθ/4

)
, (6)

with tα ∈ R being the tunneling matrix element. Spin-
dependent tunneling manifests itself in spin-dependent hy-
bridization strengths, given by �ατ = 2π |tα|2ρατ . For later
use, it is convenient to define the average hybridization
strength for lead α, which is �α = (�α+ + �α−)/2. In what
follows, we are going to assume a symmetric coupling to the
left and right lead and define � = �L = �R.

III. METHOD

Observables of interest are 〈Si〉, i = x, y, z, i.e., different
spin-projection expectation values as well as the quantum
dot’s occupation 〈N 〉 and the tunneling current I at measure-
ment time tm. Nonequilibrium properties are taken into ac-
count within a functional integral formulation on the Keldysh
contour [23,36,37]. Monitoring these observables allows us to
obtain a complete picture of the spin dynamics of the system.
Within the construction of the functional integral, we will
consider source terms that allow us to calculate observables O,
which are given in terms of bilinear products of dot operators,
as O = O(d†

σ dσ , d†
σ dσ̄ ), which holds for 〈Si〉 and 〈N 〉, (how

to obtain the current is described in Ref. [23]). Expectation
values may then be computed as

〈O〉 = −i
δ

δη
ln Z[η]

∣∣∣
η=0

. (7)

Here Z[η] is the Keldysh generating functional of our system,
while η is a real-valued parameter. Note that within the
Keldysh formalism, propagation in time extends in forward
as well as backward direction, usually encoded into a propa-
gation along a closed time contour C. As a consequence, the
definition t̃ = (t, ν), with physical time t and Keldysh branch
index ν = ±, where (±) represent upper/lower branch, turns

out to be useful. We evaluate the Keldysh generating func-
tional in the basis of fermionic coherent-states ψ̄0σ,αkτ (t̃ ),
ψ0σ,αkτ (t̃ ), which are defined by the eigenvalue equations for
dot degrees of freedom

dσ (t̃ )|� (t̃ )〉 = ψ0σ (t̃ )|� (t̃ )〉,
〈� (t̃ )|d†

σ (t̃ ) = 〈� (t̃ )|ψ̄0σ (t̃ ),
(8)

and for the leads accordingly. As usual, the generating func-
tional within the Keldysh formalism takes the form

Z[η] = tr ei(S+ηO(t̃m )), (9)

where S is the action of the system [23,33,36], comprised of
contributions from dot, leads, and tunneling, while O(t̃m) =
O[ψ̄0σ (t̃m), ψ0σ (t̃m)] is the source term, which allows us to
calculate observables at measurement time tm. Performing the
trace in Eq. (9) does not pose any challenge on quadratic
terms from leads and tunneling of the Hamiltonian. In order
to tackle the quartic interaction term, we first discretize the
Keldysh contour into 2N time slices of length δt and perform
a Hubbard-Stratonovich (HS) transformation on each of these
slices [38,39]

exp

⎧⎨
⎩−ν

iδtU

2

(∑
σσ ′

ψ̄ν
0σ (σz )σσ ′ψν

0σ ′

)2
⎫⎬
⎭

= 1

2

∑
s=±1

exp

{
−sλν

∑
σσ ′

ψ̄ν
0σ (σz )σσ ′ψν

0σ ′

}
, (10)

with s = ±1 being an Ising-like degree of freedom, and the
HS parameter λν is determined uniquely for 0 � U < π/δt ,
see Refs. [23,33]. As a consequence, it is possible to trace
over the dot degrees of freedom within Eq. (9), which yields

Z[η] =
∑
{s}

det[�−1[η] − �C (s)], (11)

with the vector s = (s+
1 , s−

1 , s+
2 , s−

2 , . . . , s+
N , s−

N ), hence the
sum includes all 22N possible spin configurations along the
discretized Keldysh contour where each HS spin couples to
the z-spin component, see Eq. (10). We identify the inverse
time-discrete Green’s function of the noninteracting spin-
valve �−1[η] = �−1

0 − �T + ηO(tm) in the presence of the
source term and the tunneling self energy �T . Note that only
the charging self energy �C (s) depends on all Ising spins s.
The matrices have dimensions 4N × 4N due to the Trotter
slicing and the spin degree of freedom.

To specify their matrix elements, we make use of multi-
indices a = (l, ν, σ ), where the Trotter index l = 1, ..., N
labels the time slice, the Keldysh index ν = ± distinguishes
the upper from the lower Keldysh contour, and σ = ± labels
the spin. The charging self energy �C (s) is time-local and
therefore a diagonal matrix

(�C (s))aa′ = δaa′λνσ sν
l . (12)
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In the absence of the source term, the Green’s function
of the dot in the presence of tunneling is given as

(�−1[0])aa′

=
∫

dω

2π
e−iω(l−l ′ )δt [ν[(ω − ε0)σ0 − B · S]σσ ′δνν ′δσσ ′

− i

2

∑
α

(
�̌α

)
σσ ′ (Fα (ω))νν ′

]
. (13)

Here the hybridization between dot and lead α is described by
the matrix

�̌α =
(

�α e−αiθ/2 p�α

eαiθ/2 p�α �α

)
, (14)

in spin space, which takes into account arbitrary angles θ

between the magnetizations of left and right lead. Further-
more, (Fα (ω))νν ′ are the matrix elements of the 2 × 2 Keldysh
matrix

Fα (ω) =
(

2 fα (ω) − 1 −2 fα (ω)
−2 fα (ω) + 2 2 fα (ω) − 1

)
, (15)

where the Fermi function fα (ω) = [exp(β(ω − μα )) + 1]−1

describes the equilibrium occupation distribution of lead α.
For the source term ηO(tm) in Eq. (11) we outline the func-

tional form for calculating the occupation number operator
N and the operators of the spin projections along the three
directions Sx,y,z. Using the definition for the lesser Green’s
function

G<
σσ ′ (t, t ′) ≡ −i〈TC[dσ (t,+)d†

σ ′ (t ′,−)]〉
= i〈d†

σ ′ (t ′,−)dσ (t,+)〉, (16)

with TC being the contour ordering operator. We find for the
observables of interest

〈N 〉(t ) = tr
(
G<(t, t )

)
,

〈Sx,y,z〉(t ) = 1
2 tr (G<(t, t ) · σx,y,z ). (17)

Since the operators act on different branches of the Keldysh
contour, the limit of equal time arguments t = t ′ is well
defined. In particular for the occupation number we have the
following expression:

ηNaa′ = ηδlmδl ′mδν−δν ′+δσσ ′, (18)

which is a matrix containing two nonzero elements at Trotter
slice m = tm/δt . Note that similar expressions are obtained for
Sx,y,z. For numerical convenience we use the modified gener-
ating functional Z̃[η] ≡ (det �[0])Z[η] rather than Eq. (11) to
obtain our results [23,33].

Since it is known that lead-induced correlations, and there-
fore the Green’s function of the noninteracting system, i.e.,
�[0]aa′ , decay exponentially with increasing (l, l ′) at finite
temperature and/or bias voltage, we truncate those correla-
tions. In turn, the Keldysh generating functional might then
be calculated by the numerically exact scheme of iterative
summation of path integrals [23,33,34], whose main building
blocks are outlined in Appendix A.

IV. RESULTS

In what follows, we present results for the symmetric
case. This means that the lead polarizations are chosen such
that pL = pR = p, whereas hybridization strengths are �L =
�R = �. The angle θ between the leads’ magnetizations is
θL = −θR = θ/2, cf. Eq. (6) and the bias voltage is defined
by μL = −μR = eV/2. Since we are especially interested in
resonant transport and spin effects, kBT 
 � in the following.
It has been shown before in Ref. [23] that a weak-coupling
theory does not apply in this regime, while the ISPI method is
able to give reliable predictions, once convergence is reached.

Once the temperature is lower than the system’s Kondo
temperature TK the quantum-dot spin valve shows a clear
Kondo peak in the conductance at zero bias [40]. It was
predicted that for the quantum-dot spin valve the Kondo peak
is split even without an external magnetic field applied, which
is caused by the exchange field emerging due to the spin-
polarized leads [41,42], which was verified experimentally
[9,43]. The magnitude and sign of this spin splitting can even
be controlled via the gate voltage [44]. Throughout this work
we study the quantum-dot spin valve in the mixed valence
regime, where Kondo correlations should be present but not
universal. As a consequence we do not observe a Kondo peak
within our data.

When applying the ISPI scheme, two systematic errors are
accumulated, that is (i) the finite time increment δt and (ii)
the truncation of lead-induced correlation. To eliminate both
errors, we (i) compute the observable of interest at a fixed
correlation time tK and different values of δt . This gives a set
of realizations for every observable O(tK , δt,l ), l = 2, . . . , 7,
which we fit against the polynomial expression O(tK , δt →
0) = limδt →0

∑n
i=0 ciδ

i
t . This means that O(tK ) is given by

the constant c0 which inherits a natural deviation due to
the (non)linear fitting procedure. In practice we have chosen
�δt � 0.5, which allows us to resolve all physical properties
for finite bias voltage and temperature. Note that for current
expectation values the fitting function is linear in δt , whereas
〈N 〉 and 〈Si〉 have been fitted with quadratic order to sufficient
accuracy for all gate voltages −2� < ε0 < 2�. Examples are
shown in Figs. 2(a), 2(b) and previously in Refs. [23,33]. We
repeat the δt → 0 fitting for 0.5 � tK� � 2.5 and if possible
extrapolate for 1/(�tK ) → 0, which eliminates the truncation
error as well, see Fig. 2(c). Hence, all presented results are nu-
merically exact, error estimates are given by the standard devi-
ations of the subsequent extrapolations. We are confident that
convergence is ensured for small up to intermediate Coulomb
interactions of U � 2� for the spin-valve quantum dot. Ob-
servables reflect their stationary values for �tm > 10 such that
possible transient behavior is absent from the shown data.

A. Benchmark: Noninteracting case

As a benchmark, we discuss the noninteracting quantum-
dot spin valve in the presence of an external Zeeman field. In
the absence of interactions, the tunneling current as well as
mean occupation number and spin expectation values are cal-
culated analytically. For the current, a Meir-Wingreen formula
[45] in terms of nonequilibrium Green’s functions applies also
for the quantum-dot spin valve. The explicit formulas for the
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FIG. 2. Extrapolation procedure for x and y component of spin
expectation values. In panels (a) and (b) the elimination of the Trotter
error for correlation time �tK = 1.0 is shown as fitting data for
different time increments δt . (c) Example of the linear regression for
the absolute values |Sx,y| as function of 1/(�tK ) after elimination of
the Trotter error. Solid lines represent linear fits to the data. Other
parameters are kBT = 0.2�, U = 0.5�, eV = 0.1�, By = 0.2�, p =
0.5, θ = π/2.

respective spin expectation values are given as examples in
Appendix B.

In Fig. 3 the linear conductance in the presence of an
external magnetic field Bz = 2� as a function of gate voltage
ε0 is shown for three different setups of lead magnetizations,
namely parallel (θ = 0), orthogonal (θ = π/2) and antiparal-
lel (θ = π ). Further parameters are kBT = 0.2�, eV = 0.1�,
and p = 0.5. We compare the analytic results (solid lines)
with ISPI data (symbols). Note that ISPI error bars are of
the order of the symbol size. Resonant transport through a
noninteracting single level results in a Lorentzian conductance
profile as a function of the gate voltage ε0, with maximum
at ε0 = 0 and width determined by the tunneling coupling
strength � at low temperature kBT < �, regardless of the
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FIG. 3. Linear conductance through the noninteracting spin-
valve as a function of gate voltage ε0 for (non)collinear lead mag-
netizations. An external Zeeman field of strength Bz = 2� is applied
in the x direction. Other parameters are kBT = 0.2�, eV = 0.1�,
p = 0.5.
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FIG. 4. The four local observables 〈N 〉, 〈Sx,y,z〉, for the noninter-
acting case as a function of ε0. Parameters are chosen as in Fig. 3

ferromagnetic properties of the leads. A finite magnetic field
lifts the spin degeneracy, and two maxima develop as a
function of ε0 with distance Bz/�. Due to a finite temperature
and tunnel coupling �, the peaks are not completely separated,
i.e., the peak-to-peak distance is less than Bz/� = 2 here. The
peaks’ width is maximal for the antiparallel case and minimal
for the parallel setup. Also, the two peaks are symmetric
with respect to ε0 = 0 for all angles θ , since an external
magnetic field in the z direction does not break the system’s
particle-hole symmetry at U = 0. ISPI data perfectly match
the analytical data.

In Fig. 4 we present (local) observables, occupation and
spin-projection expectation values for the same parameters as
in Fig. 3 as a function of ε0. Again, ISPI data (symbols) are
compared to the analytic results (solid lines). We find a doubly
occupied dot for large negative gate voltages ε0 < −2� and an
unoccupied dot for gate voltages ε0 > 2�. At the particle-hole
symmetric point ε0 = 0 the dot is singly occupied. Differ-
ences for the different angles are marginal. Regarding spin
expectation values, we find finite 〈Sx〉, which is particularly
developed for θ = 0 and θ = π/2 due to resonant tunneling
effects, as opposed to lowest-order-in-� predictions for the
quantum-dot spin valve [13]. A small but finite 〈Sx〉 for θ =
π is addressed to the external magnetic field. We observe
symmetric 〈Sy〉 curves with respect to ε0 = 0 for θ = π and
θ = π/2, whereas 〈Sy〉 = 0 for θ = 0, see Eqs. (B3), where
〈Sy〉 ∝ sin(θ/2). The footprint of the external magnetic field
applied in the z direction is reflected in 〈Sz〉, where a clear
minimum at ε=0 is visible. Also, the dependence on the
enclosed angle θ is superposed by the external field and hence
marginally detectable.

We note in passing that when applying an external mag-
netic field in x direction (not shown here), left/right symmetry
is broken. The coupling to the leads, i.e., �α± = �α (1 ±
p) for p = 0, is reflected in a stronger/weaker coupling of
majority/minority spins to the dot, which results not only in
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FIG. 5. (a) Linear and (b) nonlinear differential conductance
through the interacting spin valve as a function of gate voltage ε0

for noncollinear lead magnetizations. An external Zeeman field of
strength Bz = 2� is applied in the z direction. Other parameters are
kBT = 0.2�, θ = π/2, p = 0.5, and eV = 0.1� in (a) and eV = �

in (b). Shaded areas are error estimates.

a splitting of the conductance, but also in different conduc-
tance contributions when changing gate voltages. Breaking
left/right symmetry is most pronounced for parallel lead
magnetizations θ = 0 and is reduced for finite 0 < θ < π and
absent for θ = π . To sum up our findings for the noninter-
acting case, we have ensured that ISPI data match perfectly
with the analytic solution for all observables and the full
range of temperatures, gate and bias voltages as well as lead
polarizations and angles.

B. Interaction-induced current asymmetry

We now turn to the case of finite Coulomb interactions,
which is relevant for small quantum dots. We start out with
the settings as in Fig. 3, i.e., kBT = 0.2�, eV = 0.1� and
p = 0.5 and perform ISPI calculations for several Coulomb
interaction strengths 0 � U � 2� with lead magnetization
chosen noncollinearly, θ = π/2. For small bias voltages, i.e.,
the linear conductance regime, we find the results shown
in Fig. 5(a). Spin degeneracy is lifted by the Zeeman field
and in the absence of interactions U = 0, see the blue solid
line, we observe peaks at ε0 ≈ ±Bz/2. for finite Coulomb
interaction U = 0 we find that peak positions are renormal-
ized and located at ε0 ≈ ±(Bz + U )/2. Strikingly, the heights
are modified according to the strength of the interaction.
The conductance peak for ε0 > 0, attributed to spin σ = ↑-
channel is higher whereas its counterpart ε0 < 0 for σ = ↓
is suppressed. This interaction-induced asymmetry becomes
more pronounced for increasing U . As this effect vanishes
for collinear lead magnetizations θ = (0, π ) and for U = 0,
we conclude that it is a spin-dependent, interaction-induced
current asymmetry, which suggests that the particle-hole sym-
metry is broken, i.e., G(ε0) = G(−ε0). This striking effect is a
consequence of the nonequilibrium spin precession due to the
interaction-induced exchange field and the external magnetic
field.

Leaving the linear regime, i.e., eV = �, see Fig. 5(b), we
note that the Zeeman splitting is smeared out by the finite bias
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FIG. 6. Linear conductance as a function of an applied magnetic
field Bz for different values of ε0. The noninteracting case (solid
lines) is compared to the case of U = � (shaded areas are error
estimate). Other parameters are as in Fig. 5(a).

voltage of comparable order, e.g., the blue solid curve for U =
0. Nevertheless, finite U > 0 lifts the spin degeneracy of the
energy level and a splitting evolves for interaction strengths
U � �. Again, with increasing Coulomb interaction strength,
the asymmetry of the peak splitting increases. As opposed
to the linear-response regime, this effect is less pronounced,
probably due to the washing out of quantum effects at large
bias voltages. However, in the hybrid regime studied here,
nonequilibrium and interaction effects should be treated on
the same footing, as is possible with the ISPI method, in order
to obtain a complete physical picture.

To further illustrate the appearance of the interaction-
induced asymmetry, we show in Fig. 6 the linear conductance
G(Bz ) for different gate voltages ε0 and Coulomb interactions
U = 0 and U = �. As stated earlier, for U = 0 all curves
are symmetric, which holds also as a function of external
magnetic field Bz, i.e., left/right symmetry is intact. Finite U
instead serves to break this symmetry, and the conductance
is sensitive to the sign of the magnetic field, resulting in
asymmetric line shapes in the figure. Note that finite ε0 = 0
enhances the asymmetry, as the conductance is split by the
external magnetic field.

In order to complete the picture, we discuss again local
observables. The occupation N and 〈Sx,y,z〉 are shown in
Figs. 7(a)–7(d) for parameters as in Fig. 5 and finite bias
voltage eV = �. We find that 〈Sx〉 and 〈Sz〉 display a certain
asymmetry, also in the noninteracting case, once the bias
voltage is increased, which is absent in the linear-response
regime (not shown here). Having a finite Coulomb interaction,
the exchange field plays a role as well, i.e., an interaction-
induced magnetic field that stems from inherent coherences
of the system. It has been calculated to first order in the
hybridization [13,19]. It is generated by the Coulomb interac-
tion and oriented in the direction of the lead magnetizations,
of course its particular form depends also strongly on all
other system parameters. The impact on 〈Sx,y,z〉 is visible
when increasing Coulomb interaction strength. The x and z
components are barely affected qualitatively by the increasing
Coulomb interaction, yet they preserve their general behavior
and the curves are shifted towards more negative values in
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FIG. 7. Spin expectation values and occupation number in the
nonequilibrium regime, see Fig. 5(b). ISPI data are given as dashed
and dashed-dotted lines, with shaded areas reflecting the correspond-
ing error estimates. Parameters are as in Fig. 5.

the respective expectation value, see panels (b) and (d) in
Fig. 7. For the y component, however, U = 0 changes the line
shape significantly. While for the noninteracting case the y
component is suppressed at low bias voltages, see Fig. 4(c),
Coulomb interaction introduces an additional, asymmetric
contribution to the y component. With increasing eV the y
component is not suppressed anymore, see Fig. 7(c).

C. Angular dependencies

In the remainder of our work, we discuss the influence
of the angle θ enclosed by the lead magnetizations on the
linear conductance. Figure 8 shows the linear conductance

0 π/2 π 3π/2 2π
θ

0.6

0.7

0.8

0.9

1.0

G
(θ

)/
G

(0
)

ε0 = 0
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ε0 = 3Γ

ε0 = 0, seq.
ε0 = Γ, seq.
ε0 = 3Γ, seq.

FIG. 8. Angular dependence of the linear conductance through
the quantum-dot spin valve. We show ISPI data for different
gate voltages ε0 (shaded areas are error estimates) and com-
pare it to results from sequential tunneling (denoted by seq.).
Parameters are kBT = 0.2�, eV = 0.1�, U = 2�, p = 0.5 and
B = 0.

G(θ )/G(θ = 0) for different values of the gate voltage at
U = 2�. The other parameters are given by kBT = 0.2�,
eV = 0.1�, p = 0.5 and B = 0. The ISPI data is compared
to the results from a perturbative calculation up to first order
in � from Ref. [13]. Note that G(θ )/G(0) is closely related
to the TMR, see Ref. [23], in fact TMR = 1 − G(π )/G(0).
Due to the finite polarization p, all datasets have a pronounced
minimum at θ = π . Taking into account resonant tunneling
effects, we observe that the minimal value varies strongly
for different gate voltages, ε0, such that G(θ )/G(0)|ε0=� <

G(θ )/G(0)|ε0=0 < G(θ )/G(0)|ε0=3� . This behavior is consis-
tent with our previous findings [23].

V. CONCLUSIONS

In conclusion, we have studied quantum transport proper-
ties of an interacting quantum-dot spin valve in the resonant
tunneling regime by means of the numerically exact ISPI
scheme. As an extension to previous works, local observables
as dot occupation and spin expectation values have been
implemented. The choice of noncollinear magnetization di-
rection of the leads pose no problems and we have performed
adequate benchmark checks of the noninteracting system.

Our main finding is an interaction-induced asymmetry
in the current profile when changing the gate voltage. An
additional Zeeman field together with a small to inter-
mediate Coulomb interaction produces asymmetric current
line shapes, as the spin-symmetry together with left/right-
symmetry is broken. We were able to trace back this asymme-
try in the linear and differential conductance to the y compo-
nent of the spin projection, which is also strongly influenced
by Coulomb interactions. The interaction-induced exchange
field does highly depend on resonant tunneling effects, which
lead to a strong asymmetry effect in the conductance as well
as in the spin projections of the quantum dot. This effect is
most pronounced at small bias voltages, but does also survive
a finite bias voltage that drives the system out of equilibrium,
as long as resonant tunneling effects have an impact on the
underlying physics.

Finally, we discussed the dependence of the conductance
when varying the angle between the leads’ magnetizations.
We found significant differences between resonant and se-
quential tunneling, which are consistent with our earlier pre-
dictions of the TMR.

ACKNOWLEDGMENTS

We thank E. Kleinherbers and P. Stegmann for fruitful
discussions on spin expectation values and the comparison of
our data to the outcome of a lowest-order perturbation theory.
Financial funding from the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) under Project No. WE
5733/1-2, KO 1987/5 - 2 and - Project-ID 278162697 - SFB
1242 is acknowledged.

APPENDIX A: ITERATIVE SUMMATION OF PATH
INTEGRALS

In the following, the numerically exact scheme of iterative
summations of path integrals (ISPI) is summarized. It has
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been applied to several transport situations for small, inter-
acting quantum dots in recent works [23,33,34]. The starting
point is Eq. (11) in the main text, which poses the problem
that summing over all 22N spin configurations is impossible,
especially when N → ∞. The ISPI method builds upon the
observation that the Green’s function �[0], cf. Eq. (13),
of the quantum dot in the presence of the leads decays
exponentially with increasing time differences. This allows
us to truncate �[0] for time differences t − t ′ = (l − l ′)δt

larger than some characteristic correlation time tK = Kδt ,
such that �[0] = 0 for |l − l ′|δt > tK , with l = 1, . . . , N .
After the truncation we are left with a block tridiagonal
matrix G that consist of 4K × 4K blocks Gnn′

, with n =
1, . . . , NK = N/K . For convenience, within our scheme we
arranged the appearing HS spins line wise. It then follows that
each block Gnn′

in its n-th row depends on 2K distinct HS
spins sn = (s+

(n−1)K+1, s−
(n−1)K+1, . . . , s+

nK , s−
nK ). The determi-

nant of a block tridiagonal matrix can be calculated iteratively
[23,46], such that

Z[η] =
∑
{s}

NK∏
n=1

det Ǧnn, (A1)

where Ǧnn is defined as

Ǧnn = Gnn − Gn,n−1[Ǧn−1,n−1]−1Gn−1,n (A2)

with the starting condition Ǧ11 = G11. To keep consistency we
approximate Ǧnn by

G̃nn = Gnn − Gn,n−1[Gn−1,n−1]−1Gn−1,n, (A3)

that is we replace [Ǧn−1,n−1]
−1

with [Gn−1,n−1]−1 in Eq. (A2).
Following this approximation G̃nn and consequently its deter-
minant depends on 4K HS spins sn and sn−1. This gives a total
of 24K different values of det G̃nn, stemming from the different
configurations of the HS spins. We arrange these values in a
22K × 22K matrix

�n,n−1 = det G̃nn[sn, sn−1], (A4)

where each row corresponds to one of the 22K configurations
of sn and each column to one of the 22K configurations of sn−1.
We also define a 22K row vector 〈1| = (1, 1, . . . , 1) as well as
the 22K starting column vector |�1〉 with

|�1〉 = det G11[s1]. (A5)

The Keldysh generating functional can then be written in the
following compact way:

Z[η] = 〈1|�NK ,NK −1 . . . �2,1|�1〉. (A6)

APPENDIX B: SPIN EXPECTATION VALUES

Spin expectation values for each projection direction are
obtained in the absence of interaction, i.e., U = 0, analyti-
cally. We provide explicit formulas in the presence of a finite
magnetic field Bz, which we use to benchmark the ISPI data
in Sec. IV A. In the following we make use of the shorthand
notation cγ

z = [(ω − ε0)2 + γ B2
z + (�2 p2 cos(θ ) − �↑�↓)/2]

with γ = ±1,

〈Sx〉 =
∫

dω

4π

[
2�p cos

(
θ
2

)(
(ω − ε0)2 − B2

z + �2
(
p2 cos2

(
θ
2

) − 1
))

(c−
z )2 + 4�2(ω − ε0)2

[ fL(ω) + fR(ω)]

− 4Bz�
2 p sin

(
θ
2

)
(c−

z )2 + 4�2(ω − ε0)2
[ fL(ω) − fR(ω)]

]
, (B1)

〈Sy〉 = −
∫

dω

4π

2�p sin(θ/2)c+
z

(c−
z )2 + 4�2(ω − ε0)2

[ fL(ω) − fR(ω)], (B2)

〈Sz〉 =
∫

dω

4π

[
4Bz�(ω − ε0)

(c−
z )2 + 4�2(ω − ε0)2

[ fL(ω) + fR(ω)] + 2�2 p2(ω − ε0) sin(θ )

(c−
z )2 + 4�2(ω − ε0)2

[ fL(ω) − fR(ω)]

]
. (B3)
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